This paper presents an analytical method to determine the rise-set times of satellite-satellite visibility periods in different orbits. The Visibility function in terms of the orbital elements of the two satellites versus the time were derived explicitly up to e 4 . The line-of-sight corrected for Earth Oblateness up to J 2 , were considered as a perturbation to the orbital elements. The visibility intervals of the satellites were calculated for some numerical examples in order to test the results of the analytical work.
Introduction
The long term and highly accurate orbit estimation, especially rise-and-set time computation, plays a key part in the pre-request information for mission analysis and on-board resources management in more general communication, Earth observation and scientific spacecraft, there has been a big trend to use low cost, fast access and multi-functional small satellites to provide and exchange information for a wide range of military and civil applications such as communication in a very remote area for changing conditions, low cost store-and-forward communication, disaster warning for global shipping service and some Earth Observation missions. Therefore, this requires accurate estimation of when the satellites will start to be visible (rise) to a given location on the Earth or to other satellite and the time when the satellite disappears from the horizon (set) over a time-scale of months in some cases.
The rise/set problem may be defined as the process of determining the times at which a satellite rises and sets with respect to a ground location. The easiest solution uses a numerical method to determine visibility periods for the site and satellite by evaluating UK position vectors of each. It advances vectors by a small time increment, ∆t, and checks visibility at each step. A drawback to this method is computation time, especially when modeling many perturbations and processing several satellites. Escobal [1] , [2] proposed a faster method to solve the rise/set problem by developing a closed-form solution for unrestricted visibility periods about an oblate Earth. He assumes infinite range, azimuth, and elevation visibility for the site. Escobal transforms the geometry for the satellite and tracking station into a single transcendental equation for time as a function of eccentric anomaly. He then uses numerical methods to find the rise and set anomalies, if they exist. Lawton [3] has developed another method to solve for satellite-satellite and satellite-ground station visibility periods for vehicles in circular or near circular orbits by approximating the visibility function, by a Fourier series.
More recently, Alfano, Negron, and Moore [4] derived an analytical method to obtain rise/set times of a satellite for a ground station and includes restrictions for range, azimuth, and elevation. The algorithm uses pairs of fourth-order polynomials to construct functions that represent the restricted parameters (range, azimuth, and elevation) versus time for an oblate Earth. It can produce these functions from either uniform or arbitrarily spaced data points. The viewing times are obtained by extracting the real roots of localized quantic.
Palmar [5] , introduced a new method to predict the passes of satellite to a specific target on the ground which is useful for solving the satellite visibility problem. he firstly described a coarse search phase of this method including two-body motion, secular perturbation and atmospheric drag, then he described the second phase (refinement), which uses a further developed controlling equation F(α) = 0 based on the epicycle equations
In this work, a fast method for satellite-satellite visibility periods for the rise-and-set time prediction for two satellites in terms of classical orbital elements of the two satellites versus time were established. The secular variations of the orbital elements due to Earth Oblateness were taken into account in order to consider the changes in the nodal period of satellite and the changes in the long term prediction of maximum elevation angle. In the following description we will introduce the formulae for satellite rise-and-set times of the two satellites. The derived visibility function provides high accuracy over a long period, and provides direct computation of rise-set times.
Visibility Analysis
The location of a satellite is determined by the Kepler's laws, in addition, orbit perturbations due to Earth Oblateness are considered. A set of six orbital parameters is used to fully describe the position of a satellite in a point in space at any given time: semi-major axis a, eccentricity e, inclinations of the orbit plane i, right ascension of the nodeΩ, the argument of perigee ω, and true anomaly f. The above parameters are shown in the Figure1.
The links between two satellites are determined by the visibility analysis presented as follows: Referring to Fig.1 , the position vectors of satellites 1, and 2 with respect to the ECI coordinate system are r 1 and r 2 . The position vector from satellite 1 to satellite 2 will be denoted by ρ = r 2 − r 1 .
Let h = OP = R e +∆h, be the perpendicular from the dynamical center of the earth to the range vector , cutting the earth surface at Q and the range vector ρ, where R e is the mean radius of the Earth, and ∆h is the thickness of the atmosphere above the surface of the Earth to P. From the geometry of Fig.1 , we have the following relations:
On the other hand, the area can be calculated from the relation: From Eqs. 1 and 2, we conclude that:
Where ψ is the angle between r 1 and r 2 of the two satellites. The condition for direct visibility between the two satellites can be determined from Eq. 3 by putting
After the determination of the locations of satellites at any time in the space, they can only achieve visibility when they are both above the same plane which is tangent to the earth surface. The extreme situation is that both of them are in the tangent plane.
When ∆h > 0, the two satellites can achieve visibility. Otherwise, there is no visibility.
After rearrangement the terms, we obtain:
Therefore, the visibility function, V, that describes whether these two satellites can achieve visibility is gained, as follows:
Where
If the position relation between two satellites satisfies the visibility conditions, two satellites can communicate with each other over interstellar links.
Construction of The Visibility Function
The position vector of each satellite in the geocentric coordinate system, r = (x, y, z) , can be calculated by the following formula [6] :
Where r denote the distance from the earth center O to the satellite, given by:
Forming scalar product ( r 1 · r 2 ), keeping terms up to O(e 4 ) only, we obtain
For the sake of simplification of calculations, we put the coordinates of the satellite as:
Where σ 1 = cos (i 1 /2) and γ 1 = sin (i 1 /2), with similar expressions for the other satellite. In order to obtain the visibility function as an explicit function of time, we transform the true anomaly f, to the mean anomaly M, using the following transformation formulas Brouwer [6] 
+9 e 2 − e 4 cos(3M + ω + Ω) + 8e 4 cos(4M + ω + Ω) − 36e cos (ω + Ω)
16 e 4 sin(3M − ω) + 8e 4 sin(4M + ω) Using Eq. 6, we can expand the term r 2 1 r 2 2 in Eq. 4 up to the 4 th degree in the eccentricities as: 
Scalar product in Eq. 4 can be formed by using Eq. 8, we obtain:
Substituting Eqs. 9 and 10 into Eq. 4, we obtain the complete expression of the visibility function in terms of the orbital elements in the form:
Where the coefficients A s , s = 0, 1, ..., 164 are functions of (a j , e j , i j ), j = 1, 2 are given in Appendix A.
Adding Perturbing Forces
We shall consider the effect of perturbation on the orbital elements due to the Earth Oblateness. So, the orbital elements of the two satellites can be written in the form:
Where(∆σ j ) obl denote the first order perturbation in the orbital elements, and j = 1, 2 denotes satellites 1 and 2.
The expansion of the perturbed visibility function about some epoch time t 0 can be obtained by Taylor expansions about the osculating elements (a 0 j , e 0 j , i 0 j , Ω 0 j , ω 0 j , M 0 j ) up to the first order as:
The symbols σ s , represent any of the orbital elements. The summation ranges from s = 1 to 3 represents the elements (Ω 1 , ω 1 , M 1 ) and from s = 4 to 6 represents (Ω 2 , ω 2 , M 2 ) respectively. The quantities ∆σ s , s = 1, 2,..,6 represent the secular variations in the corresponding orbital elements due to the perturbation.
The effect of Earth Oblateness
A satellite under the influence of an inverse square gravitational law has truly constant orbital elements. In reality, however, there is a gradual change in the orbital elements due to the Earth's Oblateness. The principal effect of this is to introduce a short period oscillation of the orbital elements, which we can ignore in most cases. The argument of perigee ω, the longitude of the ascending node Ω , and the Mean anomaly M, however, experience a secular drift which significantly changes the long term prediction of maximum elevation angle. Using the method of variation of parameters to take proper account of all these secular variations due to earth oblateness up to J 2 . The perturbation method is explained in many standard textbooks on [7] .
The gravitational potential, U, of a satellite including the contribution of J 2 , is given by [7] 
Which may be expressed as: From spherical trigonometry, we have the relation
Then the perturbing potential to the order of J 2 will take the form:
Where a : is the semi-major axis of the orbit, e : is the orbital eccentricity, f : is the true anomaly, i : is the orbit inclination, ω: is the argument of perigee. Since we consider only the secular variation, so we average the perturbative function, with respect to the mean anomaly M . The derivation and solution are given in many text books for example [8] .
Finally, secular variations are associated with a steady non-oscillatory, continuous drift of an element from the adopted epoch value,
Adding Perturbations
According the Eq. 11, we can add the effects of two perturbations due to Oblateness on the six elements of orbits together as:
Numerical Examples
In what follows the visibility function were tested for some examples to obtain the mutual visibility between two Earth Satellites whatever the types of their orbits may be. Classical orbital elements for some satellites from the Center for Space Standards & Innovation were used as test data for this study, and are listed in Tables 1 and  2 .
The visibility intervals are shown in the following Figures 2,4,6 without any perturbing force and with Oblateness force in Figures 3, 5, 7 , calculated in Tables 1, 2 
Conclusions
An analytical method for the rise -set time prediction for two satellites were derived through a visibility function in terms of classical orbital elements of the two satellites versus time. The secular variations of the orbital elements due to Earth Oblateness were taken into account in order to consider the changes in the nodal period of satellite and the changes in the long term prediction of maximum elevation angle.
In the Table 3 : The Visibility Intervals Between AQUA and ARIRANG 2, it is noticed from the first column of (The Function of Visibility without any perturbation) that the time of visibility periods oscillates in a periodic fashion till the ninth period then it decreases gradually. Also, from the second column we conclude that the effect of Earth Oblateness is the increasing the number of periods significantly. But the time intervals of the visibility decreases gradually. In the Table 4 : The Visibility Intervals Between HST and ODIN, It is noticed from the first column of (The Function of Visibility without any perturbation) that the time of visibility periods oscillates in a periodic manner, and then it decreases gradually. It is also noticed that the second column explains the Earth Oblateness which affects the number of period's increases significantly and clearly. It is also observed that the time of periods of the visibility ascending increases till the ninth period then it increases and decreases in an oscillating manner and over time, stability occurs and the time period stabilizes.
In the Table 5 : The Visibility Intervals Between CFESAT and MTI, It is noticed from the first column of (The Function of Visibility without any perturbation) that the time of visibility periods has gradually obvious increases. Also the periods' time of the visibility function increases significantly and clearly. The second column explains the Earth Oblateness which affects the number of periods increase significantly and clearly. It is also i s i n t e n t i o n a l l y l e f t b l a n k
